We associate via duality a dynamical System to each pair (R s , ξ), where R s is the ring of S-integers in an Λ-field k, and ξ is an element of Λ 5 \{0}. These dynamical Systems include the circle doubling map, certain solenoidal and toral endomorphisms, f ll one-and two-sided shifts on prime power alphabets, and certain algebraic cellular autoniata.
Introduction
Let α be a continuous map from a compact metric space X= (X,d) onto itself. The points of period n under α comprise the set Various dynamical properties of α may be studied via the sets F", and in this paper we shall be concerned with trying to understand how the cardinality of F n grows in n, and how the points of F" are distributed around the space X, for a special class of examples.
If F n is finite for every n 22; l, then following Smale [31] the numerical periodic point data may be assembled into a single (formal) function, the dynamical zeta function of a,
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(1) ς and this is an invariant of topological conjugacy. If (2) li then the series (1) converges in the disc \s\ < R and therefore defines a holomorphic function in that disc. In general there is no reason to expect the upper limit in (2) to be a limit, so we introduce upper and lower growth rates p + and p~ s follows:
(3) p + (a) = lim sup -log | F n (a) | and p" (a) = lim inf -log | F n (a) |.
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If X is a manifold and α is sufficiently hyperbolic (Axiom A), then by [20] the zeta function is rational, and the least real pole of ζ α occurs at exp( -A top (a)), where A top (a) is the topological entropy of a. In this case, the upper and lower growth rates coincide and equal the topological entropy. In addition, the uniform measures on the set F n (these measures are the periodic point measures) converge in the weak*-topology on X to an α-invariant measure positive on open sets [2] .
Our purpose is to study in s uniform a fashion s possible a large class of examples of the following form. The compact set X is generally not a manifold, but is topologically either zero-dimensional or locally isometric to the Cartesian product of a manifold and a zero-dimensional set; arithmetically X is locally isometric to a product of balls in vector spaces over local fields and is therefore a natural generalization of a manifold. The action of α decomposes locally into analogues of eigendirections (analogous to the Splitting into eigenspaces for the linear lift α: R" -* R" of a toral automorphism α : T" -» T"). If all the directions are expanding or contracting, then we say α is (generalised) hyperbolic. Certain of these dynamical Systems arise naturally s attractors in hyperbolic diffeomorphisms [3] , and Systems of this shape were also used in the early construction of expansive homeomorphisms [6] , [10] .
Within this class we consider various examples and examine the growth rate and distribution of the periodic points. The last two examples below are conditional on certain number-theoretical conjectures.
In the case where A" is locally of the form manifold x Cantor set, we show the following:
(1) If there are only finitely many directions in which α is non-hyperbolic, then ρ + (α) =/Γ(α) = A top (a) (Theorem 6.1). The zeta function is in general irrational (Example 8.3), and the periodic points are uniformly distributed (Theorem 7.1).
(2) There exist examples with infinitely many non-hyperbolic directions, and with /? + (a) = A top (a) > 0 (Corollary 9.1). For these examples the maximal measure is in the weak closure of the set of periodic point measures, but the periodic points are probably not uniformly distributed. The examples above are arithmetical in nature, and the construction Starts with an A-field of zero characteristic (that is, an algebraic number field). Following Weil, [38] , it is natural to try to treat the positive characteristic case simultaneously: here the space X is zero-dimensional and the problems seem much less tractable. However, an analogue of (1) above is shown for the upper growth rate (Theorem 6.2). This paper has its early origins in the papers [17] by Lind where the r le played by arithmetic hyperbolicity in the dynamical properties of compact group automorphisms was explicitly realized, and [19] by Lind and Ward where arithmetic hyperbolicity was used to calculate and "explain" Yuzvinskii's formula for the topological entropy of solenoidal automorphisms. Much of the material here appeared first in the thesis of the first author, [4] , and f ll versions of proofs are available there.
The dynamical System associated to a set of places
Let k be an A-field in the sense of Weil (that is, k is an algebraic extension of the rational field Q or of f q (t) for some rational prime q). Let P (k) denote the set of places of k. A place w e P is finite if w contains only non-archimedean valuations and is infinite otherwise (with one exception: for the case f q (t) the place given by Γ l is regarded s being an infinite place despite giving rise to a non-archimedean valuation).
Example 2.1. For the case k 0 = Q or k 0 = F fl (/), the places are defined s follows.
The rationals Q. The places of Q are in one-to-one correspondence with the set of rational primes {2, 3, 5,7, . . .} together with one additional place oo at infinity. forall;ceA;\{0}.
For each finite place w of k, the field k w is a local field, and the maximal compact subring of k w is r w = {xek: \x\ w g 1} .
Elements of r w are called w-adic integers in k w . The group of units in the ring r w is Let Ρ Λ = ^ (k) denote the set of infinite places of k.
Definition 2.1. Let k be an A-field. Given an element ξ E k* 9 and any set SaP(k)\P aD (k) with the property that |{| w^l for all wf^SuP^, define a dynamical System (Χ, α) = (X (ktS \ a (fc ' Sf<?) ) s follows. The compact abelian group X is the dual group to the discrete countable group of S-integers R s in k, defined by R s = {xek : |jc| w ^ l for all ν
The continuous group endomorphism α : X -* X is dual to the monomorphism at:
Dynamical Systems of the form (X (ki s \ α ( *' 5 '^) are called 5-integer dynamical Systems. Following conventions from number theory, we shall divide these into two classes: arithmetic Systems when k is a number field, and geometric when k has positive characteristic. To clarify this definition -and to show how these Systems connect with previously studied ones -several examples follow. (2) Let **Q, 5= {2}, and ξ = 2. Then R s = {je 6 Q: \x\ p ^ l for all primes p Φ 2} = so X is the solenoid Z [|] , and α is the automorphism of X dual to the automorphism xt-+2x of R s . This is the natural invertible extension of the circle doubling map [5] , Example (c) or [10] , Section 2.
As pointed out in [3] , Chapter l, Example D, this dynamical System is topologically conjugate to the System (Y, ) defined s follows. Let /)= {zeC:|z|^l} and 5 fl = {zeC:|z| = l}. Define a map/:
Let Y= p| /"(S' 1 x Z>) and let β be the map induced by / on Y. Then there is a homneN eomorphism F-> Jf that intertwines the maps j3 and a. For more details on this example and related "DE" (derived from expanding) examples, see [31] , Section 1.9; for a thorough and detailed treatment of this dyadic example see [11] , Section 17.1.
, and α is the map dual to multiplication by f on R s . This map has dense periodic points by [19] , Section 3 and has topological entropy log 3 by [19] , Section 2.
(4) Let fc = Q, 5 ={2, 3, 5, 7, 11,...}, and ξ = f . Then R S = Q and α is the automorphism of the f ll solenoid 0 dual to multiplication by f on Q. This map has only one periodic point for any period by [19] , Section 3, and has entropy log 3 by [19] , Section 2.
(5) Let ξ be an algebraic integer, k=Qf and 5=0. Then R s is the ring of algebraic integers in k. Taking ξ = \/2-1 + iy2]/2-2 gives a ίΐοη-expansive quasihyperbolic automorphism of the 4-torus s pointed out in [16] , Section 3. This example is examined more closely in Section 6. The map α is therefore the f ll one-sided shift on q Symbols. [19] (and is therefore measurably isomorphic to a), but they are all topologically distinct, so {oc s } forms an uncountable family of topological dynamical Systems all measurably isomorphic to each other. ); since X (ktS} is an w-dimensional torus, a (k *^' S) corresponds to some matrix Ce M"(Z), and this isomorphism is given by a matrix SeGL n (l) with A = SCS~ *. It follows by [33] that α defines a trivial element in the ideal class group of /? A . D
Background on adele rings
In this section we assemble some basic facts about the ring R s . For the case S = 0 most of this is straightforward. At the opposite extreme, when S contains all finite places (so R s = &), the adelic constructions of [38] , Chapter IV show how to cover the group X (k ' S) . In the intermediate case, straightforward modifications of Weil's arguments are needed. The construction is also given in T te's thesis, and we indicate below how to read off the results we shall need from this.
Fix an A-field k and a set S of finite places of k. . This map is a well-defined ring homomorphism: notice that for α e R s , | α | v ^ l for all but finitely many v by [38] , Theorem III. 1.3.
In [32] , T te introduces the notion of an abstract r estr icted direct product, under the hypo thesis that P(=5u/^)isan arbitrary countable set of indices (places). Let G> ( = k v ) be a locally compact abelian group for 9 e P, and for all but finitely many ^, let H^(-r v ) be an open compact subgroup of G&. The restricted direct product is defined s ' .gpeHp for all but finitely many a locally compact abelian topological group. We topologise G (P) by choosing a fundamental System of neighbourhoods of l in G (P) of the form W = f] N#, where each 7Vî s a neighbourhood of l in G#> and Λ^ = H# for all but finitely many ^ which accords with the topology in Definition 3.1.
The key results proved in Lemma 3.2.2 and Theorem 3.2.1 of [32] are the following.
A(R S ) is discrete in fc A (S) and k&(S)/A(R s ) is compact,

R£ s R s , k^(S) s * A (5) and so
where S is an arbitrary set of finite places of an A-field k. We collect these remarks in the following Theorem, which is an extension of one of the "Main Theorems" in Chapter IV, Section 2 of [38] to arbitrary sets of places.
Theorem 3.1. The map A:R S -+ k&(S) embeds R s s a discrete cocompact subring in the S-adele of k. There is an isomorphism between the S-adele ring fc A (S) and its dual, which induces an isomorphism between R s and k&(S)/A(R s ).
Remark 1. The S-adele ring & A (S) covering the dynamical System (X (ktS \ a (fc ' s '^) gives a complete local portrait of the hyperbolicity. A neighbourhood of the identity in X (ktS) is isometric to a neighbourhood of the identity in k&(S). The map a (k ' s '^ under this isometry acts on each quasi-factor k v by multiplication, dilating the metric on that quasifactor by |^| v . If S is infinite, then the local action is an isometry on all but finitely many quasi-factors, making such Systems very far from hyperbolic ones.
Entropy, ergodicity and expansiveness
The entropy of endomorphisms of solenoids is computed in [19] , using the locally isometric adelic covering space and Bowen's work on topological entropy for uniformly continuous maps.
Theorem 4.1. The topological entropy ofthe S-integer System
A(a*-s -«)= Σ log + |i|".
W6SuPoo(fc)
Proof. The entropy of maps dual to monomorphisms of number fields is computed in terms of valuations in [35] and [19] . For the geometric case, the method of proof used in [19] goes through, simply replacing Q by f q (t). n Recall the following Standard criterion for ergodicity.
Theorem 4.2. If X is a compact metrizable abelian group and T: X-* X is a surjective continuous endomorphism then Haar measure is ergodic for T if and only if the trivial character γ = l is the only ye$ satisfying y
Proof. See [8] , Theorem 1. α
an S-integer dynamical System. Then a is ergodic if and only if ξ is not a root ofunity.
It follows that in the geometric case α is ergodic if and only if ξ φ ¥*.
Proof. The map α is non-ergodic if and only if there is a r e jR s \{0} with ξ m r = r for some m Φ 0. This is possible in a field if and only if ξ is a unit root. D
Recall that a continupus map α:
) is forwardly expansive if there is a constant δ > 0 such that for each pair χ Φ y € X there is some n e N with d(a n x, a n y) > δ.
is expansive if there is a constant δ > 0 such that for each pair χ Φ y e X there is some n e Z with d( *x, n y) > δ. Homeomorphisms can only be forwardly expansive on finite metric spaces by [5] .
Theorem 4.3. Lei Kbe a non-discrete field complete with respect to a valuation | · |, and let K denote the algebraic closure of K with the uniquely extended absolute value from K. Let E be a finite dimensional vector space over K, and let u be an automorphism of E. Then u is expansive if and only if \λ\ Φ l for each eigenvalue λ of u in K.
Proof. See Eisenberg's paper [6] , Theorem 3. α
) be an S-integer dynamical System. Then a is expansive if and only if S u P^ £ {v ^ oo : | ξ\ ν Φ 1}.
Proof. Recall that there is a local isometry between fc A (S) and X, so it is enough to check expansiveness of the lifted map on k&(S). Here Eisenberg's criterion in Theorem 4.3 applies to each of the (finitely many) indicated quasifactors. D Remark 2. Corollary 4.2 is a generalisation of [28] , Proposition 7.2 where Schmidt considers A: to be a number field and S = {v < oo : | ξ| ν Φ 1}.
Periodic points
, then the number of points of period n under β (if finite) is given by the cardinality of the kernel of ( n -Id) on T d , and this in turn is equal to the determinant of the lifted map ( n -Id): (R n -* R n . The same relationship holds more generally, s may be seen using the module in a locally compact group, [38] , p. 73; we give a direct proof of the generalisation in order to explain the arithmetic consequence of ergodicity.
Let Γ be a discrete cocompact subgroup of a locally compact abelian group X. A fundamental domain F of X modulo Γ is a f ll (measurable) set of coset representatives of Γ in X. Denote by μ the Haar measure on X normalised to give μ (F) = l. Let : X -> X be a continuous surjective mapping with Α(Γ) c Γ, and let A : Χ/Γ -> Χ/Γ be the induced map on the quotient space.
Proof. Since Γ is discrete in X, a fundamental domain F may be chosen so that there exists a neighbourhood U(0 X ) of the identity O x e X with U(0 X ) c F. The finiteness of |kery4| follows from the fact that Χ/Γ is compact. So for a sufficiently small neighbourhood V(O x ι r ) of the identity O x/r e Χ/Γ,
where each V t is a neighbourhood of a point in the set A~1( x/r ) and their union is disjoint. Since A is measure-preserving, μ (A' 1 V(Q xjr )} = μ(^(Οχ /Γ )). Once again using the discreteness of Γ in X we have that X is locally isomorphic to Χ/Γ. This means that, assuming the neighbourhoods t/(0 x ) and V(Q Xjr ) are small enough, n\ (0x} is a homeomorphism between U(0 X ) and F(0 x/r ). Thus we have which proves the Lemma. Furthermore, since
) be an S-integer dynamical System. Then the number of points of period n^.\ is finite if a is ergodic, and .
Growth rates
Notice the following inequality for ergodic Systems, limsup-log Π Ii n -Hv^ Σ log + mv = /K«) n-*oo n veSuPoo veSuPoo so that
In general, for a continuous map Γ of a metric space (X, d) 9 we need expansiveness to deduce that p + (T) ^ h(T). For these algebraic Systems, we always have (6).
Lemma 6.1 (Baker's theorem). Lei ξ be an algebraic number on the unit circle which is not a root of unity. Then where A, B are constants independent ofn.
From now on, we shall write a (n) <c b(n) if there is a constant c independent of n for which a(ri) < c -b(n). Thus, the conclusion of Baker's theorem may be written in the form 1^-11»«-*.
A weaker (and earlier) result is sufficient to give convergence in the quasihyperbolic toral case by [18] .
Lemma 6.2 (Gelfond's lower bound). Lei ξ be an algebraic number on the unit circle which is not a root of unity. Then given s >
Proof. Both Baker's theorem and Gelfond's lower bound are on p. 281 in [23] . D through the set [n ;> l :p^n,dj^n for 7 = l, ...,m} .
an ergodic arithmetic S-integer dynamical system with S finite. Then the growth rate of the number ofperiodic points exists and is given by
It follows that /? + (a) = h (a). D Using periodic points we are able to give an arithmetical characterization of expansiveness subject to certain conditions. For a partial converse, we assume that S is finite and prove that non-expansiveness implies that can be made arbitrarily large s well s small. Since the dual of the group of points of period n is given by it is clear (for example, when ξ = 1) that in non-ergodic Systems there exist values of n for which | F n (a,)\ is infinite. Assume therefore that α is ergodic. We shall treat the archimedean and non-archimedean cases separately before determining their combined influence. As pointed out in [16] this automorphism is ergodic but not expansive. It is non-expansive because of non-hyperbolicity at an archimedean place.
(2) Let β be the S-integer dynamical System corresponding to , and * = Then β is isomorphic to the expansive automorphism of the 2-torus with matrix (3) Let y be the S-integer dynamical System corresponding to S={3,5}, i = 2, and * = Q. This is non-expansive because of non-hyperbolicity at two non-archimedean places.
(4) Let δ be the S-integer dynamical System corresponding to S={t -1}, ξ = ί, and k = f 2 
(t).
As shown in [4] , Example 4.5 (see also Example 8.5 below), Ρ Λ (δ) = 2 η~2°Γά2(η \ It follows that and This non-expansive geometric example therefore also has the property that the ratio of fixed points fails to converge.
The table shows the ratio | F n \ /1 F n + i \ for l ^ n <i 22, indicating the erratic behaviour in the non-expansive maps a, y and δ and the convergence of the ratio for . 
Distribution of periodic points
Let μ η denote the Haar measure on the subgroup of points with period AI in a dynamical System (X, ) where β is an endomorphism of a compact abelian group X. If X is a torus and β is ergodic, then μ η converges weakly to Haar measure by [18] . If the action is expansive, then an analogous result holds for actions of Z d , [36] . Both these results depend on a positive exponential growth rate of the number of periodic points. In an alternative proof for ergodic toral automorphisms, Waddington [34] showed that | F n ((x)\ -» oo implies that μ η -> μ = Haar measure without any rate assumption. This result does not extend to solenoids s shown by the following. It is easy to see that Waddington's result does carry over to S-integer Systems. Note, however, that the simple argument below does not apply to the toral case: for example, Γ 4 Π the toral automorphism dual to A = is the S-integer System given by while the automorphism dual to B = -is not an S-integer System since B corresponds to a non-trivial element in the ideal class group of the Splitting field of the characteristic polynomial of A and B; see [14] or the discussion in Example 2.2(11).
Theorem 7.1. Let (X,a) = (X (k ' s \a (k ' s '^) be an S-integer dynamical system with \F n (a)\ -» oo s n -» oo. Then the periodic points are uniformly distributed with respect to Haar measure on X.
Proof. We need to prove that for any non-trivial character r e R s = Ϋ, ff n (r) = 0 for sufficiently large n. Assume not: there is such an r and a sequence n^ -> oo for which r e (ξ η * -i)R s for all / This implies that veSuPoo for all 7, which is impossible since the number of periodic points goes to infinity. D
Zeta functions
Lemma 8.1. Let X be a compact, connected group (necessarily abelian) and let α be an expansive automorphism of X. Then ζ α is rational.
Proof. By Theorem 6.1 in [13] , X is isomorphic to 
Lemma 8.2. Let X be a compact, zero-dimensional topological group and let α he an expansive automorphism. Then ζ α is rational if v, is ergodic.
Proof. By Theorem l (ii) in [12] , (X 9 ot) is homeomorphic to (F, ψ) χ (G z ,cr) where F is a finite group, ψ is an automorphism, G is a finite group and σ is the shift. For n <> l , which is finite. So the zeta function is given by Now α is ergodic if and only if F= {e}, in which case |F n (ip)| = l and the zeta function has the form ----. α By Theorem 6.1 the logarithmic growth rate of this sequence is equal to log 3, the entropy of a. We claim that ζ α is irrational and we shall use Theorem 8.1, the so-called Hadamard Quotient Theorem, to prove this. Then there is a sequence (a n ) with a n = a' n for neJ, such that the series Σ a n % n represents a rational function.
Proof. This was proved by van der Poorten; see [24] and the lecture notes of [27] for a proof, and [25] for a general discussion. D
Proposition 8.1. The number of values that a recurrence sequence can take on infinitely often is bounded by some integer that depends only on the poles of its generating rational function.
Proof. See [21] , Proposition 2. α Returning to Example 8.3 suppose, for a contradiction, that ζ α is rational. Then by 00 differentiating ζ α , £ |F n (a)|z n is also rational. The sequence defined by a n = 3 n -2" is a recurrence sequence since it satisfies the linear, homogeneous recurrence relation a n+2 = $ a n + i ~~ 6a n -> 00 together with the initial conditions a 0 = 0, a± = 1. Hence Σ a n z n represents the rational function " Suppose, if possible, that ζ α is rational, so £ \F n (u)\z n is also rational. We already know oo Ί that y p n z n = is rational. Proceeding in the manner previously described we see " = j l -pz that is a rational function. However the sequence pp°r dp(n) has an infinite number of values that it takes on infinitely often, namely {p,p p ,p p2 , ...}. This contradicts Proposition 8.1 and therefore implies that ζ α is irrational, and so α is non-expansive.
Furthermore, writing n = qp ord p (n) where pjfq,we have
So for a sequence n^ -> oo with nj/p ordp(nj) = q for a fixed q, with p)( q, lim Also, /? + (α) = A (α) is obtained by letting n -> oo through numbers coprime with /?. Hence the set of limit points of {^log| jF n (a)|}* =1 is -A (a): q e \ 9 p* q u {A(a)} .
Remark 4.
A non-constructive proof that many of these dynamical Systems have irrational zeta function is given in [37] .
Examples
Example 9.1. Let k = Q and S = 0, so R S = Z. Let α be the toral endomorphism dual to multiplication by 2 on Z. The periodic points formula gives \F n (a)\ = 2 n -l for all n ^ l and clearly -log|2"-l| -> log 2, which is equal to the entropy A (a; T). The zeta function is ζ Λ (ζ) = l -2z Also, p + (a) = A (a) is obtained by letting n -» oo through the numbers which are coprime to p.
We shall now restrict our attention to the case k = Q and S an infinite set; (Χ, α) will always denote the corresponding S-integer dynamical System. We seek examples where /Γ (α) and p + (ot) can be computed. Such dynamical Systems will be highly non-expansive, so examples where p + (a) = A (a) ( s in the expansive case) will be particularly striking.
Example 9.5. Let k be an algebraic number field and let S comprise all but a finite set F of non-archimedean places of k. Using the Artin product formula (4) Otherwise Using results by Heath-Brown, it is possible to construct (see Corollary 9.1) a different example which has S infinite and p* positive, this time without assuming any conjectures. An alternative approach to showing that there must be such examples is described in [37] . Proof. See Heath-Brown's paper [9] in which he proves that, with the exception of at most two primes the following is true: for each prime q there are infinitely many primes p with q a primitive root modulo p. α These dynamical Systems have the remarkable property that on the one hand they mimic hyperbolic behaviour (/? + (a) = A (a)), while on the other they have infinitely many directions in which they behave s isometries. We would guess that if S is sufficiently sparse but still infinite, then
Whilst the primitive root approach gives us some control over the «'s for which ρ\ξ*-1 9 it seems difficult to control the size of ord p (^M -1). Indeed, for this example we have the following bound,
The research into Wieferich primes and the Fermat quotient suggest that for infinitely many p, which would imply that so for these examples, p~(a) =/? + (a) = A (a) is expected. This circle of conjectures is discussed in [26] , Chapter 3. Let S be the set of places | . | p such that ξ is a primitive root modulo p 2 , for some integer ξ Φ 0, ± l, The following assertions are equivalent s pointed out in 
Proof. First observe that, given / S£ l,
This is an easy consequence of Euler's Theorem:
For terms with / ^ 2, /?' ~11 n, whence Σ (/-1)log/? <; log«.
So, for / ^ 2, From (10) and (11) we deduce that limn -* oo Π and so (9) is established. D
Note that for both of these Artin Systems, the conjectures imply that the periodic points are uniformly distributed.
Mahler measures and entropy
In this section we indicate a possible way to find a uniform entropy formalism for the geometric and arithmetic cases simultaneously.
Let F(x)eZ[x] denote a non-zero polynomial with rational integer coefficients. There are several ways to measure the height of F(x). The definition proposed by Mahler has proved to be important, i (12) m(F) = l\og\F(e 2ltict )\da. Suppose F(x) is a non-zero irreducible polynomial with integral coefficients such that F(0) φ 0, and let F(x) have the factorisation s in (13) . We first establish a third definition of m(F) equivalent to (12) and (14) , which shows that m(F) is locally the sum of an archimedean component and /7-adic components for each rational prime p. The key step will be to prove a/;-adic analogue of Jensen's formula (15) . We shall call these components local measures and define them s Shnirelman integrals. This corrects an error in [7] , where the Haar integral was used to define the local measure.
Let A: be a Splitting field for F and let v denote any valuation of k which lies above the valuation p of Q. The field Ω ν is defined s the smallest field extension of Q which is both complete and algebraically closed with respect to |.| v . For each / we define local measures by (16) ifi,(«i)= um -Σ log |C' -α, | v ,
where ζ is a primitive n-th root of unity inside Ω ν .
This definition of the local measure is a slight specialization of the Shnirelman integral, introduced in 1938 [30] s a/j-adic analogue of the line integral (in general, for the case v \ p, the condition p)(n has to be imposed to guarantee convergence; because we are dealing with a special class of functions this condition is not needed here).
If v | oo then it follows, after applying Baker's result (Lemma 6.1) in Section 6, that (17) m v (a i ) = log + |a i | v .
The same is clearly true if v is non-archimedean by the inequality (8) of Section 6. One may think of (17) We now extend from this arithmetic setting to A-fields. As usual, let k Q denote either Q or F p (f) and let r^ denote the ring of algebraic integers in k. Choose F(x) e r^ [*] to be a non-zero irreducible element with F(0) Φ 0. Suppose .F splits in some finite extension k : k 0 of degree d and has the factorisation Let v denote any valuation of k extending the valuation ω of k 0 . In the geometric case, it will be once again convenient to denote the distinguished place corresponding to the polynomial f"" 1 by oo. Define, s in (16) and (18) Proof. We have already seen that the arithmetic case follows from Kronecker's result (Theorem 10.1), and, using exactly the same argument in the geometric case, we must have a,· 6 f* for each / and a e F p *. D Notice how F p * plays the role of the roots of unity äs in Kronecker's Theorem. The term division polynomial was first used in [7] , where it was proved that the elliptic Mahler measure vanishes if and only if the roots of F(x) (an integral polynomial) are the jc-coordinates of torsion (or division) points of the underlying elliptic curve. The results in this section allow us to make the following connection between topological entropy and Mahler measure. 
Remarks and problems
(1) The arithmetic dynamical Systems studied here are perhaps less special than might at first appear (within the general setting of actions dual to monomorphisms of algebraic number fields). While it is not the case that every finitely generated subring R of an algebraic number field k containing l and with k äs its quotient field must be a ring of S-integers, this is almost the case. What is true is that any such subring R will be a subring of finite index in its integral closure R', and R' is a füll ring of S-integers in k. Conversely, any such subring is a finitely generated ring of algebraic numbers. For details, see [22] . Without the assumption that the subgroup be a subring, for the case k = Q the results of Beaumont and Zuckerman in [1] show that the subgroups are (up to isomorphism) S-integral with the exception of one case. 
